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ELECTROMAGNETIC FORM FACTORS, TCHEBICHEF POLYNOMIALS
AND GENERALIZED ROSENBLUTH FORMULA

Elastic scattering of the ultra relativistic polarized electrons on atomic nucleus with arbitrary spin is considered. The
covariant parameterization of the electromagnetic current for a particle with arbitrary spin is used. This parameteriza-
tion is based on the Bargman - Wigner formalism for the description of arbitrary spin particles (atomic nuclei) with us-
ing Tchebichef polynomials of a discrete variable for determination of the “physical” electromagnetic form factors that
are electric and magnetic multipole momenta in the Breit reference frame. The generalized Rosenbluth formula is ob-
tained for the cross section of the ultra relativistic electron scattering in a laboratory system in terms of the “physical”

electromagnetic form factors as well as the initial and final polarization characteristics of the electron.
Keywords: elastic scattering, relativistic energy, polarized electrons, electromagnetic form factors, Bargman -
Wigner formalism, Tchebichef polynomials, Rosenbluth formula.

Introduction

Some polynomials related to the algebra of angu-
lar momenta were studied by A. Meckler [1].

The pioneer works of R. Hofstadter [2] concer-
ning electron scattering on atomic nuclei and struc-
ture of the nucleons have stimulated many theoreti-
cal investigations of nucleons and nuclear electro-
magnetic form factors. Hofstadter’s high-energy
electron-scattering measurements [3] have demon-
strated clearly the existence of deviations from
point-nucleon scattering laws. These measurements
have demonstrated also that electron-scattering me-
thod appears to offer great promise in unraveling the
problems of nuclear size and shape and the internal
dynamics of nuclei. M. Gourdin was first who intro-
duced the so-called “physical” electromagnetic form
factors that are electric and magnetic multipole mo-
menta of nuclei of arbitrary spin in a special refe-
rence frame (Breit system) [4, 5]. It was demonstrat-
ed later that Gourdin’s “physical” form factors can
be covariantly presenting by using Tchebichef poly-
nomials of a discrete variable [6].

The main purpose of this paper is to use the cova-
riant description [6] of the electromagnetic current
for an arbitrary spin particle for calculations of cross
sections of the ultra relativistic polarized electron
scattering on the particle (nucleus) with arbitrary
electric and magnetic multipole momenta.

Multipole momenta and Tchebichef polynomials
of a discrete variable

Let us consider the nucleus with arbitrary spin S
in the rest system of reference. In nonrelativistic
quantum mechanics the operators of electrical and
magnetic multipole momenta of the nucleus can be
presented in terms of the completely symmetrical

traceless “multipole” tensors S, . (/<2§) (in
unitsof Ai=c=1):
(20)1(285 1)
o= e 1
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where O, and M, denote quantities Q. . and M. __,
averaged over states with maximum spin projections
S of spin operator S, on z axis. Tensors S, . canbe

uniquely expressed through spin operators S,. [1]

=SS, =ig,S,, $S,=8(S+1)1 3)

i

up to a factor fixed by the following condition: the
construction S,, . ¢,q, ...q, represents the /-power

polynomial of the scalar product (Sq) with the unit
coefficient by (Sq)’, ( is arbitrary vector. The po-
lynomials

(20)!

N Si,iz...i,ailaiz'”ai/ = (Df(éa)» “)

where a is unit vector, were introduced by P. L.
Tchebichef in 1859 [7]. Acting by the polynomial

qo((éa) on the wave function of a particle with the

spin S and its projection m on a direction a, we ob-
tain as the eigenvalue Tchebichef polynomial
@,(m) of discrete variable m:

0,(Sa) ¥y (m)=p,(m)¥s(m).  (5)

ISSN 1818-331X NUCLEAR PHYSICS AND ATOMIC ENERGY 2011 Vol. 12 No. 2 149



V.N. MASLOV, Yu.P. STEPANOVSKY

These polynomials also specified by the spin S, i.e.
@,(m) always means ¢, (m,S).
Note, that Tchebichef polynomials go[(m)l are

not so popular as famous Tchebichef polynomials
T,(x) and U, (x) and therefore, one needs to speci-

fy them in the explicit form [7], for instance,

o, (m)=12m" <[ (25+1)"~1],

p,(m)=120m" 6/ 3(25+1)" =7 |m,

28
J” = (277)3 |4E\E, <p2 |j,,|p1> = m;(i)/

+L\*(Pz+[71 )2

4 2my

where p, and p, are the 4-momenta of final and
initial particles, ¢=p,-p,, 0,(¢°) and M,(q°)

are “physical” form factors that are electric and
magnetic multipole momenta of the particle in the

Breit system of reference [4], where
p,=—p, =0q/2, E, = E,, m, is the mass of nucleus.
Here

S, =%e iy (8)

P 2i ¥ puve™ uv —(p2+p1)2 >

_ () (2) (25)
SW—O'W-}-O'W to.to,, 9
o = 7;,7V4—i7m, , (10)

Hv

7, are the Dirac matrices, upper indexes in Eq. (9)
the of u (p))

Uy o, (P1) OF conjugate spin-tensor i, (p,) i.e.

show index spin-tensor ie.

— o0y...a

i, (p,) on which the matrix o, acts. u, (p,)

and u, (p,) are normalized by condition:

"A notation ¢, (m) was introduced by Tchebichef

himself [7], but in the modern mathematical literature [8]
instead of them a little different polynomials are used,

t,(S+m)=%¢,(m).)

150

(2s)2oe

M (2)8p0 (P2 + 1)), 4,01 (22) }(ul ()

0, (1) =1680m" ~120[ 3(25 +1)" =13 m’ +

+9[(25+1) -1 (25+1)" -9,
05 (m) = 30240m° ~8400[ (25 +1)" =7 |m+

+30[15(25+1)" ~230(25 +1)" +407 | (6)

Covariant parameterization
of the electromagnetic current
for a particle with arbitrary spin

Now we can write a covariant expression for ma-
trix elements of the electromagnetic current in the
case when a particle is described by Bargman -
Wigner equations [9] (we use the metric and other
notations given in [10]):

(25-1)!

) i+

Zlqé(ﬁz (pz){ o, (qz)(pZ +p1)/1 gDé(Sﬂ:p

@)

— ...

u

(p)u(p))

(p)ualaz-l-azs (p) = (2mN )25 .
(11

The spin-tensor u(p) satisfies Bargman - Wigner

equations [9],

(ipy]/y + ’/nN)m1 ualaz.“a,..um =0. (12)

Cross section
of elastic electron-nucleus scattering

Figure shows the Feynman diagram for an elastic
electron-nucleus scattering.

K,

[
»

\ 4

-
L

-
L

P, P,

One-photon exchange diagram for an elastic electron-
nucleus scattering, 4-vectors k, and k, are 4-momenta of
initial and final electrons, p; and p, are 4-momenta of
initial and final nuclei.

The matrix element corresponding to this dia-
gram is expressed through the leptonic
[, =ie(u,y(ky)y u(k,)) (electromagnetic current of

ISSN 1818-331X NUCLEAR PHYSICS AND ATOMIC ENERGY 2011 Vol. 12 No. 2



ELECTROMAGNETIC FORM FACTORS

electron) and the hadronic J,, see (7), (electromag-
netic current of nucleus) currents [11]:

lﬂJﬂ

M =42 (13)
q

To calculate the cross section of the ultra relativistic
polarized electron scattering on unpolarized nucleus
it is necessary to calculate

A LT
(mr) === (14

(in Bq. (14) I, and J, are complex conjugate /, and
J,). The angle brackets in Eq. (14) denote the

summation over polarizations of the final states of
nucleus and the averaging over initial polarizations.

The calculation of / ﬂl: gives (we neglect the elec-

tron mass m, ):

lyl: = (_5ﬂv (fpk)) + kz,ukl\/ +ky k )(1+0,0,) +

1u

+(o, + O'l)é‘ﬂvpakzpkla

— =0, [(kyk,)(5,8,) =
—(kys,)(kys,)]+ (kal)(SZySIV + SZVSllu) +
+(52S1 )(k2yk1v + kZVkly) - (k1S2 )(k2yslv + kZVSI,u) -

_(kQSl)(klySQV +k1VS2#), (15)|

do=Lds, {[E(f) M@+ 00 455, + LD 2y ()14 0,004
2 m 2 4m

2
N N

where @ is the scattering angle,
2 2 2 20,2 2
CE(q) =Y 4,470} (q),
(=0

2 2 S+1 242, 2
MG =2 ——Aq M),

=1

(19)

4 2 2(2S+€+1)!(25—€)! 20)
IO 2S+1)(20+1)

and do, is the Mott cross section [13]

. coszé
do,=e*22— 2 40 dQ=sin0d0dyp, (21)
€ 4g? sin45

g and g, are the energy values of initial and final
electrons.
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where o, and o, are longitudinal polarizations (he-
licities), s, and s, are transversal polarizations. We
are considering the completely polarized electrons.
We used the following expression for the density
matrix of the electron [10, 12]:

aﬁﬂ — (_ipﬂ}/#) (1 +;75S#7/l +O7/5) ’ (16)

a

Note that frequently by calculating / #l: one can neg-

lect completely (and incorrectly) the transversal po-
larizations s, and s, of electrons [11]. The transversal
polarizations of spin 2 massless particles are
worked out in [10, 12]. Taking into account that the

<J J*>=<JVJ;> and J,,=0 one can choose

ulv

(without the loss of generality) (k,s,)=0 and
(k,s,)=0. Thus we obtain a new more simple ex-
L1, Eq. (15)

pression  for

(k:(kl +k2)/2)7

equivalent  to

lﬂl: = (—é'ﬂvk2 +k k)(1+0,0, +5,8)+

(17

2
+k (szﬂs,‘, + sz‘,sm) .

After calculations 0f<.] #J:> as the final result we

obtain the cross section of the ultra relativistic pola-
rized electron scattering on nucleus of arbitrary spin
in the laboratory system ( p = (p, + p,)/2),

,0
)tg 5} > (18)

Conclusions

Under the assumption of one photon exchange
between the electron and the nucleus with arbitrary
spin we have obtained the cross section of the ultra
relativistic polarized electron scattering in the labor-
atory system in terms of the “physical” electromag-
netic form factors as well as the initial and final he-
licities and transversal polarizations of electron. The
role of Tchebichef polynomials of a discrete variable
for calculations of the “physical” electromagnetic
form factors was demonstrated. Our result in
Eq. (18) is generalization of Rozenbluth formula
[14] and its extention [4]. In [14] a formula is given
for the cross section of elastic scattering of unpola-
rized electrons on unpolarized protons. In [4] a for-
mula is given for the cross section of elastic scatter-
ing of unpolarized electrons on unpolarized nuclei of
arbitrary spin. We have considered as distinct from
[4] the scattering of polarized electrons on unpola-
rized nuclei of arbitrary spin.
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B. M. MacJos, IO. II. CrenanoBcbKuUii

EJIEKTPOMAT'HITHI ®OPM®AKTOPH, ITIOJJIHOMHU YEBUIIEBA
TA Y3ATAJIBHEHA ®OPMYJIA PO3EHBJIIOTA

Po3rnsmaeTbes Mpy’KHE PO3CIIOBAHHS YIbTPAPENSTUBICTCHKOTO MOJISIPU30BAHOTO €JIEKTPOHA Ha aTOMHOMY spi 3
JOBUTBHUM cITliHOM. [Ipr IbOMY BUKOPHCTOBY€ETHCSI KOBapiaHTHA MapaMeTpu3allis eIEeKTPOMAarHiTHOTO CTPyMy YacTHH-
KM 3 JOBUIBHUM CIIIHOM, IIO IPYHTYEThCS Ha 3acTocyBaHHI dopmanizmy baprmana - BirHepa ajst onmcy 4acTHHOK
(aToMHUX si7Iep) 3 AOBUIHHUM CITIHOM Ta Ha BUKOPHCTaHHI TOJIiHOMIB YeOHIeBa qUCKPETHOTO 3MIHHOTO /IS BU3HAUCH-
Ha "izuyHuX" enekTpoMarHiTHUX (GopMdpaKTOpiB, SKi SBISIOTH COOO0 ENEKTPUYHI Ta MArHITHI MYJIBTHIIONBHI MOMEH-
TH y cucteMi Biautiky Bpeiita. Onepxano y3aransHeHy Gopmyity PozenOmtora [uist monepedHoro nepepisy po3ciroBaHHs
YIIBTPapeNIATUBICTCHKOTO €JIEKTPOHA B J1abopaTopHiil cucremi Biwtiky. Lls popmyna Bupaxena yepes "¢izuuHi" enexr-
poMarHiTHi popMpakTopH sIpa Ta Yepe3 NOYaTKOBI i KiHIIEBI MOJIIpU3alliiiHi XapaKTepUCTUKH EIEKTPOHA.

Kniouogi cnosa: npyxHe po3CisIHHS, PEJIITUBICTCHKI €Heprii, IOJIIPU30BaHi eIEKTPOHU, €IEKTPOMArHiTHI hopMpak-
TopH, popmainizm baprmana - Biraepa, noninom Yebumesa, popmyna Pozenomora.

B. H. MacJaos, 1O. II. CrenanoBckuii

SJEKTPOMATHUTHBIE ®OPM®AKTOPBI, IOJIUHOMbBI YEBBIIIIEBA
N OBOBLHIEHHASA ®OPMYJIA PO3EHBJIIOTA

PaccmarpuBaeTcst ynpyroe paccesHue yIbTpapelIsTHBUCTCKOTO ITOJSIPH30BAHHOTO SJIEKTPOHA Ha aTOMHOM sIIpe C
MIPOM3BOJIBHBIM CITUHOM. [IpH 5TOM HCHONB3yeTCsl KOBapHAHTHAS IapaMeTpU3anusl JIeKTPOMArHUTHOTO TOKA YaCTHIIBI
C MPOU3BOJILHBIM CIIMHOM, KOTOpasi OCHOBBIBAETCSl Ha NpUMeHeHnu (opmanusma baprmana - Burnepa st onvcanus
yacTull (aTOMHBIX 7ep) C MPOU3BOJIBHBIM CIIMHOM M Ha UCIIOJIb30BAHUM MOJIMHOMOB YeOblleBa AUCKPETHOTO Iepe-
MEHHOTO JJIs onpeaeneHus "pu3ndeckux" 3JeKTpoOMarHuTHBIX (opM(paKTOpOB, KOTOPHIE SABISIOTCS 3JEKTPHUECKUMH U
MarHUTHBIMH MYJIBTHIIOJIBHBIMH MOMEHTaMHU B cHcTeMe otcuera bpeiita. [Tomyyena o6o6uieHHas popmysna Posentito-
Ta IS MONEPEYHOI0 CEeUCHUs! PACCESHUS YIbTPAPEIATUBUCTCKOTO 3JIEKTPOHA B JIAOOPATOPHOH cUcTeMe oTcueTa. JTa
(dhopmyna BeipakeHa 4epe3 "puszndeckue” sneKTpoMarHuTHbIE GOPMQAKTOPHI sAapa M Yepe3 HavyalbHbIC U KOHECYHBIC
HOJIIPU3ALUOHHBIE XapaKTEPUCTUKH IEKTPOHA.

Kniouesvle crosa: ynpyroe paccesiHue, pelsiTUBUCTCKHE YHEPIUH, NMOSIPU30BAHHBIE JICKTPOHBI, HIEKTPOMArHUT-
Hble popmbaxTopsl, popmanusm baprmana - Burnepa, nonunom YeoOsitiesa, popmyna PozeHOmora.
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